We generate ring class fields of imaginary quadratic fields in terms of the special values of certain eta-quotients, which are related to the relative norms of SiegelRamachandra invariants (Theorem 4.4). These give us minimal polynomials with relatively small coefficients from which we are able to solve certain quadratic Diophantine equations concerning non-convenient numbers (Remark 5.4).
Introduction
Let K be an imaginary quadratic field of discriminant d K . We set (1) τ (1 − q n ) and ∆(τ ) = (2π) 12 η(τ )
24
(τ ∈ H, q = e 2πiτ ),
respectively. Under certain conditions, Enge and Schertz ([2] and [12] ) constructed primitive generators of H O over K in terms of the special values of η-and ∆-quotients (see also [14, §6.6-6.7] ). Let N (≥ 2) be an integer with prime factorization N = And, for each nontrivial ideal f of O K we consider the canonical homomorphism
In this paper we shall prove that if the order of the group
× is greater than 2 for each k ∈ {1, . . . , m}, then the special value generates H O over K (Theorem 4.4 and Remark 4.5). This ring class invariant is a real algebraic integer whose minimal polynomial has relatively small coefficients (Examples 5.1, 5.2, 5.3). To this end we shall further improve Schertz's idea [13] on characters of class groups (Lemmas 3.3 and 3.4) when utilizing the second Kronecker limit formula concerning Siegel-Ramachandra invariants (Proposition 4.1).
Eta-quotients
We shall show that the special values of certain η-quotients lie in the ring class fields of imaginary quadratic fields.
Lemma 2.1. Let N (≥ 2) be an integer. Assume that a family of integers {m d } d|N , where d runs over all positive divisors of N, satisfies the following conditions:
Then the η-quotient
Proof. See [10, Theorem 1.64].
Remark 2.2. By the definition (2) we see the following identity
So, f (τ ) has rational Fourier coefficients with respect to q and has neither zeros nor poles on H. is a weakly holomorphic modular function on Γ 0 (N) with rational Fourier coefficients.
Proof. By Lemma 2.1 it suffices to show that
First, we obtain that S⊆{1,...,m}
Next, we derive that S⊆{1,...,m}
and in a similar way we get S⊆{1,...,m}
Lastly, we deduce that S⊆{1,...,m}
which is a square in Q by the definition of µ N in (4). This proves the proposition.
For a positive integer N let F N be the field of meromorphic modular functions on Γ(N) = {γ ∈ SL 2 (Z) | γ ≡ I 2 (mod N)} whose Fourier coefficients with respect to q 1/N lie in Q(ζ N ), where ζ N = e 2πi/N . Then it is well-known that F N is a Galois extension of
whose Galois group is isomorphic to
Then, α acts on h(τ ) by the fractional linear transformation of α [9, Chapter 6, Theorem 3].
Throughout this paper we let K be an imaginary quadratic field of discriminant d K with ring of integers O K and τ K be as in (1) . For a nontrivial ideal f of O K we denote by I K (f) = the group of fractional ideals of K prime to f,
In particular, if f = NO K for a positive integer N, then we further denote by
By the existence theorem of class field theory there exists a unique abelian extension K f of K, called the ray class field of K modulo f, whose Galois group Gal(K f /K) is isomorphic to the ray class group Cl(f) = I K (f)/P K,1 (f) modulo f via the Artin reciprocity map σ f : Cl(f) → Gal(K f /K) [4, Chapters IV and V]. In particular, if f = O K , then K f becomes the Hilbert class field H K of K, that is, the maximal unramified abelian extension of K. Now, we let f = NO K for a positive integer N. As a consequence of the main theorem of complex multiplication we obtain
[9, Chapter 10, Theorem 1 and Corollary to Theorem 2] . Let min(τ K , Q) = X 2 + bX + c and define a subgroup W K,N of GL 2 (Z/NZ) by
By Shimura's reciprocity law we have the surjection
whose kernel is 
Lemma 2.4. We have the isomorphism
Proof.
Remark 2.5. Thus we obtain that
Proof. Since h(τ K ) belongs to K f by (5) , it suffices to show by Lemma 2.4 that every
Then we know α ∈ Γ 0 (N) and achieve that
This proves the lemma.
Proposition 2.7. Let N ≥ 2 be an integer and g(τ ) be the η-quotient described in Proposition 2.3. Then the special value g(τ K ) belongs to H O as a real algebraic number.
Proof. By Proposition 2.3 and Lemma 2.6, g(τ K ) lies in H O . Furthermore, since g(τ ) has rational Fourier coefficients with respect to q and e 2πiτ K is a real number, g(τ K ) is a real algebraic number.
Characters on class groups
Let N be a positive integer, f = NO K and
be the canonical homomorphism. Define group homomorphisms
as the composition of Φ f and the natural surjection Cl(f) =
Lemma 3.1. We have
Proof. We deduce that
Lemma 3.2. Let G be a finite abelian group and H be a subgroup of G. Let g ∈ G and n be the smallest positive integer such that g n ∈ H. If χ is a character of H, then it can be extended to a character χ ′ of G for which χ ′ (g) is any n-th root of χ(g n ).
Proof. See [15, Chapter VI].
Let a be any nontrivial ideal of O K and χ be a character of (O K /a) × . Recall that the conductor f χ of χ is defined by
αO K is prime to a and α ≡ 1 (mod m)}.
In particular, f χ divides a. Proof. Since χ is nonprincipal, the assertion is obvious if p ramifies or is inert in K. Now let p split in K, so pO K has prime ideal factorization pO K = pp with p = p.
On the other hand, since N K/Q (α) ∈ Z and χ is trivial on π g (Z) × , we find
It then follows from (8) that χ(α + g) = 1, which implies that f χ divides p r . But this contradicts the fact that f χ is a nonzero power of p, and so f χ is divisible by both p and p.
For any intermediate field
Assume that the order of the group
is greater than 2 for each k ∈ {1, . . . , m}. Then there exists a character χ of Cl(f) satisfying
(ii) χ(C) = 1, (iii) every prime ideal factor of f divides the conductor f χ of χ.
Proof. By Lemma 3.2 we can take a character χ of Cl(f) satisfying (i) and (ii). Observe that the conductor f χ of χ is defined to be that of the character
× . By the Chinese remainder theorem we have the natural isomorphism
For each k ∈ {1, . . . , m}, let
be the natural injection and χ k = χ • ι k . Then it is obvious by the definition (7) that f χ is divisible by
. By Lemma 3.1 and (6) we obtain an injection
Thus we may identify
Suppose that χ k = 1 for some k ∈ {1, . . . , m}. If we let e k be the exponent of G k , then we are faced with two possible cases. And, we can extend ψ to a character ψ
which is trivial on Cl(K f /H O k ) and ψ ′′ (C) = 1. We then see that χψ ′′ is trivial on
Moreover, since χ k = 1, we get
which is trivial on π p r k
Therefore every prime ideal factor of p k O K divides the conductor f χψ ′′ of χψ ′′ by Lemma 3.3. And, we further note that
by the construction of ψ ′′ . Now, we replace χ by χψ ′′ .
Case 2. Next, let e k > 2. Then there is a character ξ of G k such that ξ 2 = 1, because the exponent of the character group of G k is also greater than 2. Extend ξ to a character ξ ′ of Cl(f)/Cl(K f /H O k ) by using Lemma 3.2, and let
Then we see that ξ ′′ is trivial on Cl(K f /H O k ) and ξ ′′2 = 1. Set
As in the above, one can readily check that χρ is trivial on Cl(K f /H O ), (χρ)(C) = 1, every prime factor of p k O K divides the conductor f χρ of χρ and
Hence, we replace χ by χρ.
Continuing this way we eventually obtain a character χ of Cl(f) satisfying the conditions (i)∼(iii) in the lemma.
Ring class invariants
For a vector r 1 r 2 ∈ Q 2 \ Z 2 we define the Siegel function g [
r 2 ] (τ ) on H by the following infinite product
r 2 ] (τ ) 12M belongs to F M and has neither zeros nor poles on H [8, Chapter 2, Theorem 1.2]. Let f be a nontrivial proper ideal of O K and C ∈ Cl(f). Let N = N(f) (≥ 2) be the smallest positive integer in f. Take any integral ideal c ∈ C and let
We define the Siegel-Ramachandra invariant g f (C) of conductor f at the class C by
which depends only on f and C, not on the choice of c, ω 1 and ω 2 [8, Chapter 11, §1]. It lies in K f and satisfies the transformation formula
where σ f : Cl(f) → Gal(K f /K) is the Artin reciprocity map [8, Chapter 11, Theorem 1.1]. Ramachandra [11] further showed that g f (C) is an algebraic integer and a unit if f is not a power of one prime ideal (see also [7, §3] ). For a nonprincipal character χ of Cl(f) we define the Stickelberger element and the L-function as
respectively.
Proposition 4.1 (The second Kronecker limit formula). Let f χ be the conductor of χ and χ 0 be the proper character of Cl(f χ ) corresponding to χ. If f χ = O K , then we have
Proof. See 
which is an algebraic integer.
Theorem 4.4. Assume that the order of the group
is greater than 2 for each k ∈ {1, . . . , m}. Then the special value
generates H O over K as a real algebraic integer.
Proof. Let C 0 be the identity class of Cl(f) and
. By Lemma 3.4 we know that there exists a character χ of Cl(f) for which χ is trivial on Cl(K f /H O ), χ(C) = 1 and every prime ideal factor of f divides the conductor f χ of χ. Then we see from Proposition 4.1 and Remark 4.2 that the Stickelberger element S f ( χ) is nonzero.
On the other hand, we derive that
because χ can be viewed as a nonprincipal character of Cl(K f /F )/Cl(K f /H O ). This yields a contradiction, and hence we achieve
Finally, the special value in (10) becomes a generator of H O over K as a real algebraic integer by Lemmas 2.6 and 4.3. This completes the proof. 
We have the order formulas
where (
) stands for the Kronecker symbol.
Then we achieve
And, one can classify all the cases in which |G| = 1 or 2 as listed in Table 1 : 
Examples
In this last section, we shall present some examples of computing minimal polynomials of ring class invariants with relatively small coefficients developed in Theorem 4.4 so as to apply them to quadratic Diophantine equations concerning non-convenient numbers.
In this case, we have H K = K. Let O be the order of conductor 13 in K. Then the special value 13(η(13τ K )/η(τ K ))
2 generates H O over K as a real algebraic integer by Theorem 4.4 and Remark 4.5. And, we attain by Remark 2.5 that
from which we can compute (by using Maple ver.15)
On the other hand, by using the relation
+26623333280885243904.
Here we observe that the coefficients of min(13(η(13τ K )/η(τ K )) 2 , K) are relatively smaller than those of min(j(13τ K ), K).
(i) Let O be the order of conductor 7 in K. Then the special value 7
generates H O over K as a real algebraic integer by Theorem 4.4 and Remark 4.5. And, we derive by Remark 2.5
(ii) Now, let O be the order of conductor 6. We know by Remark 2.5 that
which is of order 4. Set h(τ ) = (η(6τ )η(τ )/η(3τ )η(2τ )) 12 . Since h(τ K ) ∈ R, we deduce that
Furthermore, we see that the polynomial However, in this case, H K = K. On the other hand, as is well-known Gal(H K /K) is isomorphic to the form class group C(d K ) of discriminant d K = −24 which consists of two reduced primitive positive definite quadratic forms (ii) In like manner, one can further show by using Example 5.2(ii) that a prime p can be expressed as p = x 2 + 63y 2 for some x, y ∈ Z if and only if p ≡ 1, 9, 11 (mod 14) and X 4 − 35X 3 + 198X 2 + 4060X + 1 ≡ 0 (mod p) has an integer solution.
